Light-front zero-mode contribution to the tensor form factors for the exclusive rare P → V ℓ 
model (SM). Especially, the flavor-changing neutral current (FCNC) processes of B → K ( * ) ℓ + ℓ − (ℓ = e, µ, τ ) that proceed via loop diagrams [2] in the SM are very important for not only testing the SM but also probing new physics such as supersymmetric heavy particles in SUSY models, appearing virtually in the loop diagrams to interfere with those in the SM. While the experimental tests of exclusive decays are much easier than those of inclusive ones, the theoretical understanding of exclusive decays is complicated mainly due to the nonperturbative hadronic form factors entered in the longdistance nonperturbative contributions. Therefore, a reliable estimate of the hadronic form factors for the exclusive rare B decays is very important for making correct predictions within and beyond the SM.
Perhaps, one of the most well-suited formulations for the analysis of exclusive processes involving hadrons may be provided in the framework of light-front (LF) quantization [3] . For its simplicity and the predictive power of the hadronic form factors in low-lying ground-state hadrons, especially mesons, the LF constituent quark model (LFQM) based on the LF quantization has become a very useful and popular phenomenological tool to study various electroweak properties of mesons [4, 5, 6, 7, 8, 9, 10, 11] . However, the zero-mode complication [12] in the matrix element has been noticed for the electroweak form factors involving a spin-0 and spin-1 particles [13, 14, 15] . The zero mode can be interpreted as residues of virtual pair creation processes in the q + (= q 0 + q 3 ) → 0 limit, i.e., the nonzero contribution from the nonvalence part in the q + = 0 frame [12] . Therefore, finding the zero-mode contribution correctly in various electroweak transitions is a very important issue in LF hadron phenomenology.
In our previous works, we have studied the zero-mode contribution to the hadronic form factors for P → P [16] and P → V [17, 18] transitions, where P and V stand for pseudoscalar and vector mesons, respectively. Using an exactly solvable covariant Bethe-Salpeter (BS) model [14] , we have developed the method that correctly pin down the existence/absence of the zero-mode contribution to the form factors. Our method of finding the zeromode contribution is based on a direct power counting [14] of the longitudinal momentum fraction x(0 ≤ x ≤ 1) in the q + → 0 limit for the off-diagonal elements in the Fock-state expansion of the current matrix. Since the longitudinal momentum fraction is one of the integration variables in the LF matrix elements (i.e. helicity amplitudes), our power counting method is straightforward as far as we know the behaviors of the longitudinal momentum fraction in the integrand. In the analysis of the P → P (V ) transitions, we used the phenomenologically accessible pseudoscalar vertex Γ µ P = γ 5 and vector meson vertex Γ µ V = γ µ − (P V − 2k)/D, where k and P V − k are the relative four-momenta for the constituent quark and antiquark, respectively, and P V is the four-momentum of the vector meson. For the manifestly covariant model, we used two different cases of the denominator D for the vector meson vertex, i.e.
1 , where m q (mq) is the constituent quark (antiquark) mass and M V is the physical vector meson mass. We also discussed the application of the LF version of the denominator
1/2 with the invariant mass M 0 of the vector meson, which has been widely used in the LFQM phenomenology [8, 11, 13, 19, 20, 21] . For the exclusive P → P decays, we analyzed both semileptonic P → P ℓν ℓ and rare P → P ℓ + ℓ − decays [16] . In the analysis of the hadronic form factors (f ± , f T ) for the rare P → P decay [16] , we found that the form factors f + and f T are immune to the zero mode but the form factor f − receives the zero mode. For the exclusive P → V decays, we analyzed the semileptonic P → V ℓν ℓ decays [17, 18] . In the analysis of the weak form factors (g, a ± , f ) for the semileptonic P → V ℓν ℓ decays, we found that the form factors (g, a + , f ) are immune to the zero mode but the form factor a − receives the zero mode. We also identified the zero-mode operator for the form factors f − [16] and a − [18] that is convoluted with the initialand final-state LF wave functions.
The purpose of this Letter is to extend our LF covariant analysis to include the rare P → V ℓ + ℓ − decays, where the three tensor form factors T i (i = 1, 2, 3) are necessary for the calculation of the amplitude in addition to the weak form factors (g, a ± , f ).
The tensor form factors
where P = P 1 + P 2 and q = P 1 − P 2 is the four-momentum transfer to the lepton pair and 4m 
where g 1 and g 2 are the normalization factors which can be fixed by requiring charge form factors of pseudoscalar and vector mesons to be unity at q 2 = 0, respectively. To regularize the covariant fermion triangle loop in (3 + 1) dimensions, we replace the point gauge boson vertex γ
where 
where the final-state vector meson vertex operator Γ µ is given by
In this work, we shall analyze with the D factor,
for the explicit comparison between the manifestly covariant calculation and the LF one. However, since the more realistic D factor used in most popular LF quark model is either
for the final vector meson state, we also discuss the results for both
In the manifestly covariant calculation of Fig. 1(a) , we decompose the product of five denominators given in Eq. (2) into a sum of terms containing three propagators. We then use the Feynman parametrization for the three propagators and make a Wick rotation of Eq. (2) in d = 4 − 2ǫ dimensions to regularize the integral, since otherwise one looses the logarithmically divergent terms in Eq. (2). Following the above procedure (see [16, 18] for more details), one can easily obtain the manifestly covariant form factors
Performing the LF calculation of Figs. 1(b) and 1(c) in parallel with the manifestly covariant calculation, we first choose q + > 0 frame and then take q + → 0 limit to check the existence/absence of the zero-mode contribution to the hadronic matrix element given by Eq. (2). We also use the plus component of the currents to obtain the tensor form factors. While the form factor T 1 (q 2 ) can be obtained from J + h 0 with h = 1, the form factors T 2 (q 2 ) and T 3 (q 2 ) can be obtained from J + h 5 with both h = 0 and 1. In the reference frame where q + > 0 and P 1⊥ = 0, the (timelike) momentum transfer q 2 is given by
where ∆ = q + /P + 1 . In this frame, the covariant diagram Fig. 1(a) corresponds to the sum of the LF valence diagram (b) defined in 0 < k + < P inst includes the term proportional to δp
The relations between the current matrix elements and the form factors in the q + = 0 [or Drell-Yan(DY)] frame [23] are as follows:
where q R(L) = q x ± iq y . In the valence region 0 < k
e., the spectator quark) is located in the lower half of the complex k − -plane. Thus, the Cauchy integration formula for the k − integral in Eq. (2) gives
where N = g 1 g 2 Λ 
where (2) ). We note that only the on-mass-shell propagating parts (S + h ) on 0(5) contribute to the valence region in Eq. (7). The valence contributions to the form factors T i (q 2 )(i = 1, 2, 3) in the q + = 0 frame are obtained as
where = 4p
We note that the suspected zero-mode terms (S
in Eq. (12) leads to the nonvanishing zero-mode contribution to J
Following the similar procedure discussed in [16, 18] , we can identify the zero-mode operator that is convoluted with the initial-and final-state valence wave functions to generate the zero-mode contribution. Explicitly, the zero-mode contribution J
can be expressed in terms of the zero-mode operator convoluted with the initial-and final-state LF vertex functions:
where
1 , and Z 2 are given by [13, 16] A
By adding T
Z.M. 3
(q 2 ) to T DY 3 (q 2 ) in Eqs. (10) and (11), i.e. T 
and T 3 are in an exact agreement with the manifestly covariant results for
) is used. This can be easily seen from the power counting rule for x (or p
) provides less singular behavior than the case of D cov (M V ). More detailed power counting rule for the longitudinal momentum fraction can be found in [16, 17, 18] . Therefore, as far as the
is used in LFQM, there are no zero-mode contributions to the tensor form factors T i (q 2 )(i = 1, 2, 3) and the form factors given by Eqs. (9)- (11) are the correct LF tensor form factors.
In Fig. 2 , we show both the manifestly covariant and the LF results of the tensor form factors 
, respectively. Our LF results In Table 1 , we summarize our findings of the existence/absence of the zero-mode contribution to the hadronic form factors (g, a ± , f ) [17, 18] and T i (i = 1, 2, 3) for the rare P → V ℓ + ℓ − decays depending on the components of the weak currents J µ V −A , polarization vector ǫ * h of the vector meson, and various D factors in Γ µ V . Since our findings of the existence/absence of the zero mode are based on the method of power counting, our conclusion applies to other methods of regularization as far as the regularization doesn't change the power counting in the form factor calculation. For example, as discussed by Jaus in Ref. [13] , some other multipole type ansatz in the method of regularization wouldn't change the conclusion drawn by our monopole type ansatz. This may exemplify the benefit of our method to remove any unnecessary caution regarding on the possible zero-mode contribution in the hadron phenomenology by correctly pinning down its existence/absence.
In this work, we have analyzed the zero-mode contribution to the tensor form factors for the rare P → V ℓ + ℓ − decays. For the phenomenologically
we discussed the three typical cases of the D factor which also may be classified by the differences in the power counting of the LF energy (or longitudinal momentum fraction
1/2 . Our main idea to obtain the transition form factors is first to find if the zero-mode contribution exists or not for the given form factor using the power counting method. If it exists, then the separation of the on-massshell propagating part from the off-mass-shell part is useful since the latter is responsible for the zero-mode contribution. We found that the form factor T 1 (q 2 ) is immune to the zero-mode contribution in all three cases of the D factors. However, for the form factors T 2 (q 2 ) and T 3 (q 2 ), while the zeromode contribution exists in the D cov (M V ) case, the other two cases such as D cov (k · P 2 ) and D LF (M n ∼ (1/x) n with the power n > 0. Since the phenomenologically accessible LFQM satisfies this condition n > 0, only the valence contributions to the three weak form factors (g, a + , f ) and the three tensor form factors T i (q 2 )(i = 1, 2, 3) obtained in the q + = 0 frame for the analysis of the rare P → V ℓ + ℓ − decays are sufficient to provide the full results of the LFQM. Although the form factor a − (q 2 ) receives the zeromode contribution, it comes only from the simple vertex γ µ term but not from the D factor satisfying the condition n > 0. In this case, we were able to obtain the correct zero-mode operator that is convoluted with the initial-and final-state LF wave functions [18] . Our analyses of zero-mode contribution can at least assure the Lorentz invariance of the hadron form factors in the exclusive processes that we have considered up to now. This certainly benefits the hadron phenomenology and the application to the more realistic LFQM analysis for various semileptonic and rare P → V decays is underway.
